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1 $r$ $d$ $U$ $GF(r)$
$\dim(U)$ $2d+1$ $U$ $d+1$
$S$ $(DHOl)-(DHO3)$ $S$ $GF(r)$ $d$
(d-dimensional dual hyperoval over $GF(r)$) d-DHO
(DHOl) $X,$ $Y\in S$ dim(X $\cap Y$ ) $=1$ .




$S$ $U$ $S$ ambient space
$A(S)$ $GF(r)$ $V$ $V$ ambient space
d-DHO $S$ ‘d-DHO over $GF(r)$ in $V$ ( $PG(V)$)
$A(S)$ $:=$ \langle X $|X\in S\rangle$ . (1)
d-DHO $S$ ambient space $V=A(S)$ $P\dot{G}(V)$
$S$ $S$
$Aut(S)$
$Aut(S)$ $:=$ $\{\sigma\in Aut(PG(A(S)))|X^{\sigma}\in S(\forall X\in S)\}$ . (2)
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$PG(V)$ $Aut(PG(V))$ $V$
$\dim(V)=n$ $Aut(PG(V))$ $PGL(V)\underline{\simeq}PGL(n, r)$
$GF(r)$ $Ga1(GF(r)/GF(p))\cong Z_{e}$ $r=p^{e},$ $p$
$Z_{e}$ $e$ : $Aut(PG(V))\cong PGL(n, r)$ : $Z_{e}$ .
d-DHO
[11] $[12]$ [4] 1.1




$(s, s)$ generalized quadrangles
I-DHO
$(d\geq 2)$





$GF(q)$ d-DHO $S$ $\mathcal{T}$ Ambient space $V=A(S)$ $W=A(\mathcal{T})$
$GF(q)$ $S$ $\mathcal{T}$ $\mathcal{T}$ $S$ quotient
($S$ $\mathcal{T}$ cover ) d-DHO $S$ cover d-DHO
$S$ simply connected
simply connected DHO ambient space
1
Taniguchi DHO Veronesean DHO (deformation)
DHO $e$ $q=2^{e}$
Buratti-Del Fra DHO Huybrechts DHO DHO
$S_{\sigma,\phi}^{d+1}$ DHO [8]
$\sigma$ $GF(2^{d+1})$ $Aut(GF(2^{d+1}))$ $\phi$ $GF(2^{d+1})$
$o$- $\sigma=\phi$ $S_{\sigma,\phi}^{d+1}$ Huybrechts DHO




Table 1: Known simply connected d-DHOs $(d\geq 2)$
3 DHO
3.1 Huybrechts-Pasini
$GF(q)$ d-DHO $S$ $Aut(S)$ $S$ (resP.
) $S$ (resp. )
1 DHO
$GF(q)$ d-DHO $q>2$ $d\geq 2$
Mathieu DHO Huybrechts Pasini
[6]
2 $S$ $GF(q)$ d-DHO
(1) $q=2$ .
(2) $S$ Mathieu DHO $q=4,$ $d=2,$ $Aut(S)\cong M_{22}.2$ .










3 $S$ $GF(q)$ d-DHO $G$ $S$
(1) $q=2$ $G$ $S$
$G$ $N$ $G=N$ : $G_{X}(G_{X}$ $S$ - $X$
$G$ stabilizer) stabilizer $Gx$
(l-a) $G_{X}$ $Z_{2^{d+1}-1}$ : $Z_{d+1}$
(l-b) $d+1$ $l(2\leq l\leq d+1)$ $G_{X}$ $PSL_{l}(2^{(d+1)/\downarrow)}$
$AutPSL_{l}(2^{(d+1)/l})$
(l-c) $d$ $(d+1)/2$ $l(2\leq l\leq(d+1)/2)$ $G_{X}$
$(PSp_{2l}(2^{(d+1)/(2l)}))’$ Aut $(PSp_{2l}(2^{(d+1)/(2l)}))$
(l-d) $d+1$ 6 $c_{x}$ $(G_{2}(2^{(d+1)/6}))’$ $Aut(G_{2}(2^{(d+1)/6}))$
(J-e) $d=3$ $Gx$ $A_{6},$ $S_{6}$ $A_{7}$
(2) $S$ Mathieu DHO $q=4,$ $d=2,$ $G\cong M_{22}$ or $M_{22}.2$ .
Huybrechts-Pasini 2 (3) $r_{q}>2$ ,
$d\geq 2$ $GF(q)$ d-DHO Mathieu DHO
d-DHO






extr\"a\epsilon pecial 2-group ( elementary abelian 2-group
) Frobenius ambient space
$r_{q}>2$ $GF(q)$ d-DHO ambient space
$(d+1)(d+2)/2$ [10]
4
Table 2: Doubly transitive groups of semisimple type [2]
Table 3: Doubly transitive groups of affine type [7]
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3.3 3
$S$ $GF(q)$ d-DHO $V$ ambient space $\overline{G}$ $Aut(S)$
$S$ $Aut(S)$ $Aut(PG(V))=\Gamma L(V)/Sc(V)$
$\Gamma L(V)\cong GL(V)$ : $Aut(GF(q))$ $V$ $GF(q)-$
$Sc(V)\cong GF(q)^{x}$ $V$
$q-1$ $\overline{G}$ $\Gamma L(V)$ $G$
$q=p^{e},$ $p$ $S$ $X$ stabilizer $c_{x}$ $Sc(V)$
$X$ $GF(p)$- $G_{X}$ $GF(p)$
$e(d+1)$ $X$ $GL(X)\cong GL_{\epsilon(d+1)}(p)$
$Gx$ $X$ $x\#$
$4$: $X$ translation group $\overline{X}$
$\tilde{X}$ : $G_{X}$ $X$ ( )
3 4 $|\Omega|$















$G$ $q\equiv 1,$ $d\equiv 2$
$(mod 4),$ $d\geq 6$ $G/Sc(V)$ $N/Sc(V)$ $T$ $N$ 2-
$T$ $T$
$T$ extraspecial group $E$ $R$ $V$
$E$ $V$ $GF(q)[E]-$
$W$ $GF(q)$ $2^{m}$ $|E|=2^{1+2m}$
$|N/Sc(V)|=|T/T\cap Sc(V)|=|E/Z(E)|=2^{2m}$ $N/Sc(V)$
$\sqrt{(q^{d+1}-1)/(q-1)+1}=2^{m}=\dim_{GF(q)}(W)$ $q>2$
ambient sPace [10] $\dim_{GF(q)}(V)\leq(d+1)(d+2)/2$
6
$T$ $Gx$ $H$ $T:H$




4 ambient space DHO
4.1
$GF(q)$ d-DHO $S$ ambient space $A(S)$ $2d+1$ $2d+1$
$X,$ $Y$ \langle X, $Y\rangle$ $q=2$
$q>2$
$\dim_{GF(q)}(A(S))=2d+2$ d-DHO $S_{\sigma,\tau}^{d+1}$ ( 1 )
d-DHO $\sigma$ $\tau$
$Ga1(GF(q)/GF(2))$ $\sigma\tau\neq id_{c}p(q)$ $Aut(S_{\sigma\tau}^{d+1})$
translation $N$ $X\in S_{\sigma\tau}^{d+1}$ stabilizer
$X$ Singer cycle ($X\#=X-\{0\}$ )
3 $GF(q)$ d-DHO $S$
$S$ Mathieu DHO $q=2$
4[$14JS$ $GF(2)$ d-DHO ambient space $V$
$2(d+1)$ $Aut(S)$ $X\in S$ stabilizer $X$
$S$ $d=5$
[V, $N$] $S$ -
$N$ $Aut(S)$





$S2^{d+1}-1$ $d+1$ d-DHO $S$ ambient
space $2d+2$ $S$ $S$
$Ga1(GF(q)/GF(2))$ $\sigma,$ $\tau(\neq\sigma^{-1})$ $S_{\sigma,\tau}^{d+1}$
Ambient space $2d+1$ 4
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4.2 4
4 $S$ d-DHO $G=Aut(S)$ ,
$V=A(S),$ $S$ $X\in S$ stabilizer $G_{X}$
$G$ $S$ $N$
$N$ $2^{d+1}$ $S$ $N$
$N^{x}$
Step 1 [V, $N$] $v\in V,$ $n\in N$ $v+v^{n}$ $V$
$V=X\oplus[V, N]$ $1\neq n\in N$ \langle X, $X^{n}\rangle$ $\cap[V, N]=[X, n]$
$(:=\{x+x^{n}|x\in X\})$ .
Step 2 $S$ $X$ [V, $N$]
Step 3 $C_{V}(N)=\{v\in V|v^{n}=v(\forall n\in N)\}=[V, N]$ .
$V$ $GF(2)$ $d+1$ $X$ [V, $N$]
$S$ $X$ Singer cycle [V, $N$] Singer
$V$ $GF(q)\oplus GF(q)$
$X$ $\{(x, 0)|x\in GF(q)\}$
[V, $N$] $\{(0, y)|y\in GF(q)\}$
$S$ $V$ $\epsilon(0\leq\epsilon\leq$
$2^{d+1}-1)$ $t\in GF(q)^{x}$ $S$ $g(t)$ $g(t^{-1})=g(t)^{-1}$
$(x,.y)^{g(t)}$ $=$ $(tx,t^{\epsilon}y)$ . $(x,y\in GF(q))$ (3)
$S$ $\sigma,$ $\tau\in Ga1(GF(q)/GF(2))$ $S_{\sigma,r}^{d+1}$
$1\neq n\in N$ $x\in GF(q)$ $(x, O)+(x, 0)^{n}$ [X, $n$] $\leq[V, N]$
$(x, O)+(x, 0)^{n}=(0, f(x))$ $f(x)\in GF(q)$
$GF(q)\ni x\mapsto f(x)\in GF(q)$ $GF(2)$-linear $f(X)=$
$a_{0}X+a_{1}X^{2}+\cdots+a_{i}X^{2^{i}}+\cdots+a_{d}X^{2^{d}}$ $f(X)\in GF(q)[X]$
$x,$ $y\in GF(q)$ Step3 $(0, y)^{n}=(0, y)$
$(x, y)^{n}$ $=$ $(x, 0)^{n}+(0, y)^{n}$
$=$ $(x, 0)+(0, f(x))+(0, y)=(x,y+f(x))$ (4)
8
$(x, y)^{g(t)^{-1}ng(t)}$ (3) (4) $g(t)^{-1}=g(t^{-1})$
$(x, y)^{g(t)^{-1}ng(t)}$ $=$ $(t^{-1}x, t^{-\epsilon}y)^{ng(t)}$
$=$ $(t^{-1}x, t^{-\epsilon}y+f(t^{-1}x)^{g(t)}=(x, y+t^{\epsilon}f(t^{-1}x))$ (5)
$s,$ $t\in GF(q)^{x}$ $g(t)^{-1}ng(t)$ $g(s)^{-1}ng(s)$
$N^{x}$ $N^{x}$ $u\in GF(q)^{x}$
$g(t)^{-1}ng(t)\cdot g(s)^{-1}ng(s)=g(u)^{-1}ng(u)$
$(x, y)\in V$ (5)
$x\in GF(q)$ $s^{\epsilon}f(s^{-1}x)+t^{\epsilon}f(t^{-1}x)=u^{\epsilon}f(u^{-1}x)$
$f(X)$




$\bullet$ $s,$ $t\in GF(q)^{x}$ ( $s,$ $t$ $i$ )
$u\in GF(q)^{x}$ $s^{\epsilon-2^{1}}+t^{\epsilon-2}:=u^{\epsilon-2^{i}}$ .
$a_{0}=1$ $f(1)=a_{0}+\cdots+a_{d}=0$
$i(1\leq i\leq d)$ $a_{i}\neq 0$




$f(X)=X+a_{i}X^{2^{i}}(1\leq i\leq d)$ $\epsilon-1$ mod $2^{d+1}-1$
$x^{\tau}=x^{(\epsilon-\sigma)(\epsilon-1)^{-1}}$ $GF(q)^{x}$ $\tau$





















6 $q=2^{d+1}$ $q$ $F_{q}$ $f$ APN (almost perfectly nonlinear)
$0$ $a\in F_{q}$
$\#\{f(x+a)-f(x)|x\in F_{q}\}$ $=q/2$ (6)
APN
$f$ $f(x+a)-f(x)=f(a)$ (6)
1 $f$ “ ” (6)




planar function planar function
( ) APN planar
APN DHO
7 $q=2^{d+1}$ $q$ $F_{q}$ $f$ (quadratic)
$x,$ $y,$ $z\in F_{q}$
$f(x+y+z)+f(x+y)+f(y+z)+f(z+x)+f(x)+f(y)+f(z)=0$ .
$f(O)=0$
8 $q=2^{d+1}$ $F_{q}$ $f$
(J) $f$
10
(2) $b_{f}(x, y)$ $:=f(x+y)+f(x)+f(y)$ $b_{f}$ : $F_{q}\cross F_{q}arrow F_{q}$
$b_{f}$ ( $F_{q}$ $GF(2)$ $d+1$ ) bilinear map
(3) $f$ $f(X)$ : $f(x)=f(x)(\forall x\in F_{q})$ . $a_{ij},$ $a_{i}$
$F_{q}$
$\tilde{f}(X)=\sum_{0\leq i<j\leq d}a_{ij}X^{2^{i}+2^{j}}+\sum_{0\leq i\leq d}a_{i}X^{2^{i}}$ .
$F_{q}$ $\sum_{0<k<q-1}a_{k}X^{k}(a_{k}\in F_{q})$
8 (3) $X^{k}$ $k$
2 $2^{i}+2^{j}$ $2^{i}$
$q=2^{d+1}$ $\sigma$ $Gal(F_{q}/F_{2})$ ( $d+1$
$e$ $x^{\sigma}=x^{2^{e}}(x\in F_{q})$ ) $f$
APN Gold
$f(x)=x^{\sigma+1}=x^{\sigma}x$ .
$f$ bilinear map $b_{f}$
$b_{f}(x, y)=x^{\sigma}y+xy^{\sigma}$
d-DHO $S_{\sigma,\tau}^{d+1}$ $X(t)=\{(x, x^{\sigma}t+xt‘) | x\in GF(q)\}$
$\sigma=\tau$ d-DHO $S_{\sigma,\sigma}^{d+1}$ Gold $f$ $X(t)=$
$\{(x, b_{f}(x, t))|x\in GF(q)\}$
9 $X(t)$
$f$ $f$ APN
$b_{f}(x, t)=OJ$ $r_{x=0}$ or $t=0$ or $x=t$
9($S$. Y. 2002 ?) $q=2^{d+1}$ $f$ $GF(q)$ APN
$V=GF(q)\oplus GF(q)$ $2(d+1)$ $t\in GF(q)$
$V$ $X(t)$
$X(t)$ $:=\{(x, b_{f}(x, t))|x\in GF(q)\}$ .
$S^{d+1}[f]:=\{X(t)|t\in GF(q)\}$ $GF(2)$ d-DHO




$a\in GF(q)$ $V$ $\tau_{a}$
$\tau_{a}$ : $(x,y)\vdasharrow(x, y+b_{f}(x, a))$ .
$X(t)^{\tau_{a}}=X(t+a)$ $\tau_{a}$ $S^{d+1}[f]$
$\backslash$
$a\neq 0$ $S^{d+1}[f]$ $\tau_{a}\tau_{b}=\tau_{a+b}$ $T$ $:=$
$\{\tau_{a}|a\in GF(q)\}$ $S^{d+1}[f]$
Gold $f(x)=x^{\sigma+1}$ $S^{d+1}[f]=S_{\sigma,\sigma}^{d+1}$
$d>2$ $T$ $Z_{q-1}$ : $Z_{d+1}$
APN $f$ $S^{d+1}[f]$
( ) APN Gold
10 $q=2^{d+1}$ APN $f$ d-DHO $S^{d+1}[f]$
$Aut(S^{d+1}[f])$ $T$ $Aut(S^{d+1}[f])$
$X(0)$ stabilizer $A$ $Aut(S^{d+1}[f])=T$ : $A$ Stabilizer
$A$ $V$ $Y:=\{(0, y)|y\in GF(q)\}$ $K$ 1 3
$K\neq 1$ $d\equiv 2$ (mod 4) $C_{A}(K)$
$A$ $Z_{q-1}$ : $Z_{d+1}$
DHO
$S^{d+1}[f]$ $Aa_{\text{ }}$





$d=9$ $q=2^{10}$ $f$ APN [5]
$\omega$ $GF(2^{10})^{x}$ 3
$f(x)=x^{3}+\omega x^{36}$ .
$f$ $GF(2)$ 9-DHO $S^{10}[f]$
$Aut(S^{10}[f])\cong 2^{10}$ : $(Z_{33} : Z_{5})$ .
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